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Abstract

The notion of the commutator length was studied for a relatively long
time under the guise of the minimal genus problem. Given fundamental
group G of some topological space X and a loop « in this space, which
represents the conjugacy class of some group element g, the commutator
length of g is a minimal genus of a surface S which admits a map to X
which takes the boundary of S to 7.

The fact that the commutator length is not stable under taking powers
of group elements gives rise to the theory of stable commutator length.
Computing the value of stable commutator length is a very difficult prob-
lem, especially if one uses the original algebraic definition which turns out

to be almost completely useless.

In this dissertation we give an overview of the theory of stable commutator
length, following D. Calegari [4]. Together with the algebraic point of
view, we discuss the geometric and functional analysis interpretations.
Our ultimate goal is to systematize the introduction to the theory and to

extend the proofs, where possible.

For instance, in section 1.4 we prove several results on the properties of
quasimorphisms on groups, which we use in the study of stable commu-
tator length. In section 1.6 we give a detailed proof of Bavard’s Duality
Theorem, which we then use in section 1.7 to show that stable commutator

length vanishes in amenable groups.

As a broadening example, in section 1.8 we explain, following D. Kotschick
9], a general argument which can be used to prove that stable commutator
length vanishes for certain groups defined as unions of subgroups which

have many elementwise commuting conjugate embeddings.

In the second chapter of this dissertation we present a direct proof of
the fact that stable commutator length takes only rational values on the

elements of free groups of arbitrary rank.
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Chapter 1

Stable Commutator Length

1.1 Basic definitions and properties

Definition 1.1.1. Let G be a group and g € [G, G] be a representative of the derived
subgroup of G. Define the function clg : G — Z such that clg(g) is the least integer
k such that g is equal to a product of k commutators, i.e. g = [ay,b1]-...- [ag, bg]. This

is the commutator length of an element g. By convention we also define clg(g) = 0o
in case g € [G, G].

Definition 1.1.2. Let G be a group. For g € [G, G] we define the stable commutator
length, denoted sclg(g) to be the limit

1 n
sclg(g) = lim M

Jim — (1.1)
Suppose that g1, g2 € [G, G] with clg(g1) = k and clg(g2) = I. Then g1go can be
expressed as a product of k + | commutators and clearly clg(g192) < k + [. Hence,
the commutator length is subadditive.
The very first question one might ask is whether the limit (1.1) exists. To answer

this question we recall the well-known Fekete’s lemma.

Lemma 1.1.3. [Fekete] Let {z,,}°°; be a subadditive sequence of real numbers with

each x; > 0. Then the sequence {%"}Zozl is bounded below and %* converges to
infrez, {%}
Proof. First of all, since x,, > 0 for each n € Z,, it follows that “= > 0, so the
sequence {%}:ll is bounded below.
Denote L = inf,cz, {%} We aim to show that £ — [, as n — oo. Let € > 0 be

arbitrary and let the index k € Z, be such that

T g

— - L‘ < -

k 2

1



Such k exists, since if not, then L + £ would also be a lower bound, which contradicts
the fact that L is the greatest lower bound by definition. Now let the index m € Z

be such that
T, - €
km 2

for all » < k. In order to do satisfy this condition, it is enough to pick m such that

M Ty
o < 5, where M = max, , {?}

Now denote N = km and let n > N be arbitrary. We can write n = pk + ¢, where
p,q € Z such that 0 < ¢ < k. Since n > N = km, it follows that p > m, and we have

T j Zq PTE Xy Tk Ty < 5) €
g + e e R /A
n pk4+q pk+q  pk  km  k  km 2 2
since 2 < L+ 5 and xpp < T + 7 < ... < prp. As 22 > L it follows that

o — L‘ < e. Therefore we have shown that there exists N € Z, such that for all

n > N we have | — L{ < ¢ since n > N is arbitrary. Finally, since ¢ > 0 is also
n

arbitrary, we have

Ve>03NE€Z,: Vn=N %—L <e,
which means that 2» — L as n — oo. O
Corollary 1.1.4. The limit
cla(g")

sclg(g) = lim

n—o0 n

exists.

If for some element g ¢ |G, G] there exists an integer n € Z, such that ¢" € [G, G/,

we define
scla(g™)
—

sclg(g) =

Now we shall discuss some basic properties of commutator length and stable com-
mutator length. One of their main properties is that they are both monotone under

homomorphisms:

Lemma 1.1.5. Let ¢ : G — H be a group homomorphism. Then the following

inequalities hold:

ca(g) = clu(e(g)),
scla(g) = sclu(e(g))

for all g € G.



Proof. Recall that the image of a commutator under a homomorphism is a commu-

tator:
o([a,b]) = [p(a), ¢(b)]
for all a,b € G. Now suppose that for an element g € G we have clg(g) = k, i.e.
)

9 = lay,b]-...-[ax, bi]. Then o(g) = [p(ar), (b1)] .. [¢(ax), p(br)], s0 clu(p(g)) < k.
Thus clg(g) = cly(e(g)) and since

clo(g") o dullv(9)")

=
n n

we also have sclg(g) = scly(¢(g)). O

Corollary 1.1.6. Suppose ¢ : G — H is a monomorphism with a left inverse. Then

sclg(g) = scly(v(g))
for all g € G.

Proof. Suppose ¢ : H — G is a left inverse for ¢, i.e. Y op = idg. From the Lemma
1.1.5 it follows that for an element g € G

scla(g) = sclu(e(g)).

Since g = ¥(¢(g)), we also have

scla(g) = scla(¥(e(9))) < sclu(e(g)),

and hence
scla(g) = sclu(e(g)).
O]

Another interesting property of stable commutator length is the existence of a

countable subgroup which preserves it for a given element:

Lemma 1.1.7. Given a group GG and an element g € (G. There exists a countable
subgroup H < G such that g € H and scly(g) = sclg(g).

Proof. For each n € Z, construct a subgroup H,, of G in a following way: suppose
clg(g™) =k, i.e. ¢g" = [ay,b1] - ... - [ag, bx]. Let H, be a subgroup of G' generated by

the elements {aq, ..., ag, by, ..., by }:
H, = <CL1, veey G, b1, ,bk> < Q.

Clearly, cly, (¢") = clg(¢") and taking H = |, H,, finishes the proof. O



1.2 Surfaces, commutators and the fundamental
group

In this section we discuss some of the properties of topological surfaces.

A surface is a two-dimensional topological manifold. That is, a surface is a topo-
logical space in which every point has an open neighbourhood homeomorphic to some
open subset of the Euclidean plane, usually denoted by R2. It is also often assumed
that a surface as a topological space is paracompact and Hausdorff; that is, every
open cover has a locally finite refinement and any two distinct points have disjoint
neighbourhoods.

A surface with boundary is a Hausdorff topological space in which every point has
an open neighbourhood homeomorphic to some open subset of either the Euclidean
plane or the upper half-plane {(x,y) € R? | y > 0}. Points of a surface S, whose
neighbourhood is homeomorphic to the upper half-plane form the boundary of a sur-
face which is denoted by 95. Those points of S which are not contained in 95 form
the interior of a surface which is denoted by int(S). A surface without boundary,
which is compact is called a closed surface. In the following discussion the word sur-
face will refer to surfaces without boundary. We also say that a topological surface is
of finite type if it is homeomorphic to a closed surface with a finite number of points
removed.

Recall also that the surface S is orientable, if any loop going around one way on
the surface can never be continuously deformed without overlapping itself to a loop
going around the opposite way. If S is not orientable, then it is called non-orientable.

In 1925 T. Radé proved (see [15]) that every topological surface S can be trian-
gulated, that is, there exists a finite family of closed subsets 7 = {13, ...,7,,} and a
family of homeomorphisms ; : A? — T;, i = 1,...,n, where each A? is a triangle
on a plane R?. The elements of 7 are called the faces of a triangulation. Images of
the vertices and edges of a triangle A? under homeomorphism ¢; are called vertices
and edges of a triangulation respectively. It is also required that any two distinct
elements T; and T} of T are either disjoint, have one single edge in their intersection,
or have a single vertex in their intersection.

Given a surface S with a triangulation 7 containing F' faces, V vertices and E
edges. Then the Fuler characteristic (or Euler-Poincaré characteristic) is defined in
the following way:

x(S)=V —-E+F.



For example, Euler characteristic of a sphere S? is 2, Euler characteristic of a torus T'
is 0 and x(P) = 1, where P is a projective plane. It is a well-known result that every
closed surface can be obtained as a connected sum of some finite number of copies of
S2. T and P. The connected sum is denoted by # and has the following properties:
it is associative, commutative, has the sphere S? as an identity and also satisfies the
following condition:

T#P = P#P#P.

Euler characteristic of a connected sum of surfaces S; and S5 is given by

X(S1#S2) = x(S1) + x(S2) — 2.

A surface homeomorphic to a connected sum of g copies of tori T" or projective
plane P is said to be of genus g. A sphere S? is said to be of genus 0. There is a

relation between the genus g of a surface S and the Euler characteristic x(.5):

[ 3(2—=x(S5)) if S is orientable,
971 2- x(S) if S is non-orientable.

Suppose S is an oriented surface of finite type of genus g with p punctures, where
p > 0. Then the van Kampen’s theorem gives us the method for determining the
fundamental group of S based on the division of the surface S into parts for which
the fundamental group is known. In our case it can be shown that m(5) is a free
group of rank 2g + p — 1. This follows from the fact that S retracts onto a rose with
2g +p — 1 leaves, so the fundamental group of S is a free product of 2g 4+ p — 1 copies
of the fundamental group of the circle S*:

m(S) = m (SN * k(S =Z k. x L= Foyrp 1.

(.

Vv Vv
2g+p—1 2g9+p—1

Recall that a subspace Y of space X is called a retract of X if there is a continuous
map 7 : Y — X such that 7(Y) =Y. For example, a sphere with p > 0 punctures
retracts onto a rose with p — 1 leaves, and thus its fundamental group is a free group

of rank p — 1 (Figure 1.1).



Figure 1.1: A sphere with p punctures retracts onto a rose with p — 1 leaves.

Suppose that S is a closed surface of genus g. Then it can be obtained from a
4g-gon by “gluing” the edges in pairs and the van Kampen’s theorem gives us the

presentation of the fundamental group m(.5):
7T1(S) = <a,1,b1, ...,ag,bg | [al,bl] T [ag, bg]> (12)

For example, consider the fundamental group of the torus 7', which is represented as
a square with identification. Let V' be a smaller open disk and U be the whole figure
without a closed disk which is smaller than V', so that their overlap W is an open

annulus (Figure 1.2).

\ \
4 7
TY Y V UY Y W
\ \
7 7

Figure 1.2: Computation of the fundamental group of the torus 7.

Then, clearly, U is homotopy equivalent to its boundary. Take Sy = {a,b} cor-
responding to the labelled loops. The fundamental group m1(V) is trivial, since V'
is contractible and W is homotopy equivalent to a circle S*, hence (W) has one
generator, a loop v that runs around the annulus. Including this loop into V' makes

it null-homotopic, represented by an empty word, and including v into U makes it



homotopic to the path running round the boundary of a square, which can be rep-
resented in terms of the “coordinates” Sy as a word a='b~'ab. Thus, by the van

Kampen’s theorem,
71(T) = {a,b | a”*b"tab) = (a,b | [a,b]).

In general, the presentation of the fundamental group of a closed surface of genus ¢
can be obtained by applying the same method which gives the result (1.2).

Any closed surface of genus g can be obtained from a surface S of genus g with
one boundary component by gluing on a disk. We already know that the fundamental
group of S is free of rank 2g, so we can say that m;(S) has generators ay, by, ..., ag, b,
and the conjugacy class of the element [ay,b;] - ... - [ay, b,] is represented by 05.

Let X be a topological space and let v C X be a loop. Suppose a € m(X) is
a conjugacy class represented by 7 such that a has a representative in the derived

subgroup (m1 (X)) = [m1(X), m(X)], i.e. we can write

a=[ay,Bi] ... [ag, Byl

Let S be a surface of genus g with one boundary component. It can be obtained from
a (4g + 1)-gon P by identifying the edges in pairs. We can choose loops in a space X
which represent the elements a, «; and §; and define a map f : 0P — X sending
the edges a; and b; to a; and (; respectively and also sending one remaining edge of
P to a. Then, by construction, f = ]?O g, where the quotient map g : 0P — S
is induced by identifying all but one of the edges of P in pairs. Moreover, f(OP) is
null-homotopic in X, so f can be extended to a map S — X which sends 9S to
a. This means that loops corresponding to elements of the derived subgroup of the

fundamental group of X bound maps of oriented surfaces into X.



1.3 ((eometric interpretation of stable commuta-
tor length

In many cases the original algebraic definitions of the commutator length and
stable commutator length are almost completely useless. It is to be noted that powers
and products of commutators are not well-behaved in terms of the commutator length.

For instance, we recall the well-known example presented by Culler [5]:
[a,b]* = [aba™", b~ aba2][b  ab, b?].

This identity holds for any elements a and b in any group.

Let G be a group. We can construct a topological space X such that m(X) =G
(see, for example, [8]). Suppose a € G is a conjugacy class, then a corresponds to a
free homotopy class of loop 7 in X. From the discussion in the previous section it
follows that clg(a) is the least genus of a surface S with one boundary component,
which maps to X in a way that the boundary represents the free homotopy class of
7. Then we can obtain sclg(a) by estimating the genus of surfaces whose boundary
wraps multiple times around ~.

Suppose S is a compact oriented surface. Define
—x () =) max(—x(S)),0),

where S; are the components of S. Given a group G, a topological space X with
m(X) =G and a loop v : S' — X, we call amap f: S — X admissible if there
is a commutative diagram

08 —— S

8fl lf

St —— X
where 7 : 05 — S is the inclusion map. Since S is oriented, dS has an inherited
orientation and we can define the fundamental class [0S] € H(0S). Similarly we can
define a fundamental class [S'] in H;(S!). Denote the oriented components of 95
by 0; and define n(S) as the sum of the degrees of the maps df; : 9; — S', by the
following identity:

df.10S] = n(9)[S].

Informally speaking, n(S) is the degree with which 9S wraps around the loop ~. If
n(S) # 0, then S is said to rationally bound . By choosing the orientation of S
properly, we can always ensure that n(S) > 0.

Now we are ready to give the geometric definition of stable commutator length.

8



Proposition 1.3.1. Given a group G and a topological space X with m(X) = G.
Let v : S* — X be a loop in X representing the conjugacy class of an element
a € G. Then

sclg(a) = i%f %g?

where the infimum is taken over all admissible maps f : S — X as defined above.

(1.3)

Proof. Suppose that S is a surface of genus g with one boundary component. Note
that clg(a™) < g if and only if there is an admissible map f : S — X and S satisfies
n(S) =n and —x~(5) = 2g — 1. Thus,

sclg(a) = nhi& — =i 2n(S)

Suppose now f : S — X is admissible. If S has multiple components {S;}¥_;,

then clearly there is at least one component S; such that

—x_(5) < —x_(5)
2n(S;)  2n(S)

This means we can assume that S is connected without loss of generality. Note also
that both —x~(S) and n(S) are multiplicative under coverings and passing to a cover
multiplies both of them by the same factor. Hence, we can replace S with a finite
cover S” without changing the ratio:

(8) =X ()

2n(S) 2n(S’)

We can also assume that S has p > 1 boundary components.

If S’ — S is a finite cover of S of degree N > 0 with p boundary components, then
—x~(8") = =Nx(S) and n(S") = Nn(S). Two different boundary components can
be connected together with 1-handle, whilst f” being extended by a trivial map to a
basepoint of the circle S!. If a 1-handle connects two different boundary components,
then those two components have been absorbed into one along the boundary of the
1-handle. In other words, such an operation increases the genus by one and reduces
the number of boundary components by one, so it increases the value of —x~ by
one. Applying this operation multiple times, we get a surface S” with one boundary
component satisfying —x~(S”) = —x~(5") + p — 1 and n(S”) = n(S’). This leads to
the following equality:

—X (5") _p—1-Nx"(5)

2n(S") 2Nn(S)




Taking N sufficiently large allows the right-hand side of this equality to be arbitrary
close to (s

inf X ( )

s 2n(S)

On the other hand, since S” has exactly one boundary component and since we may

choose the genus of S” to be sufficiently large, we have

—x_(5")

1
2 o

cla(a™¥) <
and hence, combining with the first part of the proof, we get

_ X (9)
sclg(a) = néf ons)

O

Definition 1.3.2. A surface S with an admissible map f : S — X, which realizes

the infimum (1.3) is called extremal.

10



1.4 Quasimorphisms

Together with the algebraic and geometric definitions, there is also a functional
analysis definition of stable commutator length, which is given in terms of the quasi-
morphisms on groups. This way leads us to the Bavard duality, which will be discussed

later.

Definition 1.4.1. Let G be a group. A quasimorphism is a function ¢ : G — R for
which there is a least constant D(¢) > 0 such that

|2(9192) — (1) — ¥(g2)] < D(p)
for all g1, go € G. The constant D(¢p) is called the defect of .

Clearly, for a quasimorphism ¢, D(¢) = 0 if and only if ¢ is a homomorphism.

Note also that any bounded function is a quasimorphism.

Lemma 1.4.2. Let G be a group and let S be its generating set, which can be infinite.
Let g € G and let w to be the word in generators representing g. Denote by w; the
i-th letter of the word w and let also |w| denote the length of the word w. Then there

is an inequality

o]
p(w) = pw)| < (lwl — 1)D(p),
i=1
where ¢ : G — R is a quasimorphism with the defect D(y).

Proof. We proceed by induction on the length of the word |w|. The case |w| =1 is
trivial. Suppose that |w| = 2, i.e. w = wiws. Then the desired inequality is precisely
the definition of a quasimorphism:

lp(w) — p(w1) — p(wa)| < D(p).

Now suppose that the inequality holds for all the words w with |w| < n and consider

some word @ with |w| = n + 1. By the definition of a quasimorphism we have:

~

p(@) = (@) — p(@nt1)] < D(p),
where |&'| = n. This inequality is equivalent to

~/

(@) = D(p) < p(@) = @(Wnt1) < @(@') + D(e).

11



By the inductive hypothesis,

Zw(@é) — (n—1)D(p) < (@) < Z p(@]) + (n— 1)D(y),

so overall we have
n+1

p(w) - Zw(@z’) <nD(p) = ((n+1) = 1)D(p),

and the proof follows. O

For a fixed group G, the set of all quasimorphisms on GG form a real vector space
denoted by @(G) Some of the quasimorphisms have properties, which can be ex-

tremely useful in our further study.

Definition 1.4.3. A quasimorphism ¢ : G — R is said to be homogeneous if it
satisfies the following property:

©(g") = nw(g)

for all ¢ € G and n € Z. Homogeneous quasimorphisms form a real vector space
denoted by Q(G).

Lemma 1.4.4. Let ¢ be a quasimorphism on a group G. For each element g € G

define

p(g) = lim AT

n—oo n

The limit exists and @ is a homogeneous quasimorphism on G. There is also an
estimate |2(g) —¢(g)| < D(¢).

Proof. Let ¢ be a positive integer. From the definition of a quasimorphism it follows
that

(@(QQi) —20(g* )

We claim that for any j < i,

< D(y).

‘90(925 2171 — o(g*)| < D(y).

To prove this claim, we first prove by induction on j the following inequality:

‘cp(gzi) —2790(¢*)| < (277 — 1)D(p).

12



The case j = i — 1 follows directly from the definition of a quasimorphism. Now

suppose that the inequality holds for all 7 such that k£ < 7 < 7. Then we have:

N 2i—k+190(92k*1 )

- ‘90(9?) — 277k (g 4 21 Rp(g?) — 2| <
< (27" =1)D(p) + 27" D(p) = (2" * = 1)D(yp),

w(g*)

so the inequality holds for all j < i. Division by 27 proves the claim:

i - ) 2
‘90(92)-23 —o(g¥)] <

~

5 Dlp) < D(y).

o0

Hence, the sequence {gp(g?) . 2_Z} is a Cauchy sequence. Define
i=1

Blg) = lim (plg*)-27),
1— 00
and note that |p(g) — v(g)| < D(y) for all g € G. Hence, p — ¢ is a bounded function

and, moreover, @ is a quasimorphism. Applying the definition of ¢ and Lemma 1.4.2,

we get

5(e") — 8(0)| = tim PO =50  pyp, G=DDE) _

so @ is indeed homogeneous. O]
The quasimorphism @ from the previous lemma is called the homogenization of .

Lemma 1.4.5. Let G be a group and let ¢ : G — R be a homogeneous quasimor-
phism. If ¢1, g2 € G commute, then

©(g192) = p(g91) + ¢(g2)-

Proof. Suppose g1, g2 € G commute. Since ¢ is homogeneous, we have
: 1 n -n -n
[P(9192) = (91) = () = lim —|p((g192)") + @(g7™") + ¢(g2")] <
: 1 n_—n_-—n
< Jlim ~ (lo((9192)"91"92 ™) + 2D()) =
= lim [p((9192)"91"92 ") = 0,
and the proof follows. O

Definition 1.4.6. A quasimorphism ¢ : G — R is said to be antisymmetric, if for
all g € G,

plg™") = —¢lo).
Any quasimorphism ¢ can be antisymmetrized:
-1
$vg) — ¥y
o) - FO =)

13



Lemma 1.4.7. The antisymmetrization ¢’ of a quasimorphism ¢ satisfies

D(¢') < D(p).

Proof. We estimate

D(¢') = sup |p(gig2) — p(g1) — p(g2)| =
g1,92€G

1
= sup =

P 3 [0(9192) — (1) — @(92) — (g5 g ") + 0lgr") + (92 ")] < D(p).

14



1.4.1 Commutator estimates

Lemma 1.4.8. Let ¢ be an antisymmetric quasimorphism on a group G and let a;
and b; be the elements of G for 1 < i < n. Then

¥ (H[ai; bz])

Proof. We prove the lemma by induction on n. If n = 1, then, by the definition of a

< (4n— 1)D(y).

quasimorphism, we have
—D(p) < @((a07a)b) —p(a™'b7'a) —p(b) < D(yp),
—D(p) < (@b Ma) —p(a'b7!) —p(a) < D(p),
—D(p) < plalv ) —pla)—pdh) < D(y).
Adding up these three inequalities and keeping in mind the fact that ¢ is antisym-

()

metric, we get
o (la, )| < 3D(y),

as required.

Now suppose the inequality holds for some n > 1, i.e.

® <H[aia bz’])

Let g be a product of n 4+ 1 commutators:

< (4n — 1)D(p).

g =la1,b1] - ... [any1, bpia].

Then, from the definition of a quasimorphism it follows that

lo(9)] < D(p) + [o(ar, b1] - ... - [an, bu]) + @([any1, bpia])| <
< D(p) + (4n —1)D(p) +3D(p) = (4(n+ 1) — 1) D(¢p),

finishing the proof. O

Note that any homogeneous quasimorphism is antisymmetric and also if ¢ is a

homogeneous quasimorphism on a group G, then

D(p)

1
P91 9201) = #(2)| = — |lor " g5.0n) — ¢(9")] <

for all g1,9, € G. It follows that homogeneous quasimorphisms are class functions,

i.e. they are constant on conjugacy classes. As a consequence, for any a,b € G,

lp(fa, b)) < D(y).

Indeed, since p(aba™') = p(b), then
[ (la, b)| = le(aba™"07") — p(aba™) — (b~ < D(p).

15



Lemma 1.4.9. Let G be a group and let ¢ : G — R be a homogeneous quasimor-
phism. Then

p (H[ai»bi]> < 2nD(yp),

=1

where a;,b; € G, 1 <i < n.

Proof. We have shown that

¢([a,0]) < D(p) < 2D(p).

Suppose that the inequality holds for all n such that n < m, then

@ <H[az’>bi]) —¢ (H[az’>bi]) — @([am+1, bnta])

< D(yp).

i=1 =1

It follows that

@ (H[aubi])

i=1

< 2mD(p) 4+ D(¢) + D(p) = 2(m + 1) D(p),

so the inequality holds for n = m + 1, which proves the lemma. O

Lemma 1.4.10. [Bavard] Let G be a group and let ¢ : G — R be a homogeneous
quasimorphism. Then there is an equality

sup [o([a, 0])| = D(e).
a,beG

Proof. Consider an element g = a**b**(ab)~?". We claim that g can be expressed as

a product of n commutators. In case n = 1 we have:
a’b*(ab)? = a®b*b a0 o = aPba v e = afa, bla™! = [a,aba” .
Note that also

a2nb2n(ab)—2n — a2nb2n(b—1a—1>2n —

— a2nb2n—1(a—1b—1)2n—1a—1 — a(a2n—1b2n—l(ba)—(2n—1))a—17

so we only need to show that a®*~'6**~!(ba)~ (") can be written as a product of n

commutators. Assume that we have proved this for all n < m, then

[a72m+1b72ma72’ ab71a2m71] — a72m+1672ma71b71a2m+1b2m+1a71 —

_ a<a72m672ma71b71a2m+1b2m+1)afl‘

16



1

By the inductive hypothesis, after interchanging a and b for a=! and b~! respec-

tively, a=2™b~2™ can be expressed as a product of m commutators and (a='671)*" so
(@ tp=1)2m+lg2m+1p2m+l can be expressed as a product of m+ 1 commutators, hence,
the inductive step is complete and the claim holds for n = m + 1.

Now choose some a,b € GG such that
p(ab) — p(a) — ¢(b)] = D(p) — &,
where € > 0 is arbitrary. Since ¢ is homogeneous, then for any n we have
[o((ab)*") — p(a®) — p(b*")] = 2n(D(p) — €).

We have just shown that (ab)*" can be written as a product of n commutators [a;, b;]

and a?>"b*", where each a; and b; depends on a and b:
(ab)Qn — [ah bl] .. [an’ bn} -aQ"bQ".

Then, by Lemma 1.4.2 we have:

p((ab)*") = p(a®) = (™) = > l[as, bi])

so, by the triangle inequality,

Zw([ai,bi])

Since |p([a;, bi])| < D(yp), taking sufficiently large n and & much smaller than %, we

> (n—1)D(p) — 2ne.

can ensure that some ¢([a;, b;]) is as close to D(p) as we wish. O

Example 1.4.11. Let F' = F(a,b) be a free group of rank two. Define a function

t:7 — Z by
0 ifm=0 (mod 3);
ttm)=4¢ 1 ifm=1 (mod 3);
—1 if m= -1 (mod 3).

It is easy to see that for any two integers m and n, the following inequality holds:
[t(m +n) —t(m) — t(n)] < 3.

Define now a function ¢, : F' — Z by

n

palw) = 3 t(p).

=1
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if
w = aP*bT .. .aPr b,

where p;, q; € {—1,1} with the following exception: pq,q, € {—1,0,1}. It is easy to
see that ¢, (w™) = —,(w). Furthermore, suppose that u,v € F and u = uy...u,,

v = v1...05. Then uv = uq...u,_1wvs...vs, where w = u,v;. Then

r—1 S
Pa(uv) = Z Pa(ui) + @a(w) + Z Pa(vi)-
i=1 =2
It follows that

|0a(uv) = Pa(u) = @a(v)| = [Pa(w) = @alur) = @alv1)] < 3,

SO (p, is a quasimorphism. Moreover, it is easy to see that ¢, is homogeneous.
Consider a cyclically reduced word w € [F, F]. Suppose that w can be expressed

as a product of m commutators. Then, by Lemma 1.4.9 we have

|Pa(W)| < 2mD(pa) < 6m,

ie.m > W, and since ¢, is homogeneous, we finally have
Clg(u}n) 2 n|901é(w)|
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1.4.2 Counting quasimorphisms

Now we shall discuss the counting quasimorphisms as one of the fundamental

examples of quasimorphisms.

Definition 1.4.12. Let F' = F(S) be a free group on a symmetric generating set
S and let w be a reduced word in S. Define the big counting function C,(g) to be
the number of (possibly overlapping) occurrences of w as a subword in the reduced
representative of g. Define also the small counting function c,(g) as the maximum
number of disjoint copies of w as a subword in the reduced representative of g. The

big counting quasimorphism H,, is then defined by

Similarly, the small counting quasimorphism hy, is defined by

ho(g) = cu(g) — cu-1(9).

Big counting quasimorphisms were introduced by R. Brooks [2], so C,, and H,,
are often called Brooks functions and Brooks quasimorphisms respectively. Small
counting functions were introduced by D. Epstein and K. Fujiwara [6]. Big counting
quasimorphisms are usually easier to compute and easier to work with, whilst small
counting quasimorphisms can be a more “powerful” tool, since they have uniformly
small defects. Note that if no proper suffix (i.e. suffix which is not the whole word)
of w is equal to a proper prefix of w, then all the occurrences of w in the reduced
representative of any g € F' are disjoint, hence H, = h,, in this case.

To calculate the defects of H,, and h,, explicitly, we should first prove some pre-

liminary results.

Lemma 1.4.13. Let F be a free group from Definition 1.4.12. Let g € F' be reduced.

Then the copies of w in g are disjoint from the copies of w™1.

1

Proof. Suppose that some prefix of w equals to some suffix of w™. In this case

W= wiwy, w ! =wy w! and w; = wi!, which is impossible. ]

Let g € F be such that g = g1¢- as a reduced word, i.e. there is no cancellation
of some suffix of g; with some prefix of go. An occurrence of w is said to intersect
the “border” of g if it overlaps both some nonempty suffix of g; and some nonempty

1

prefix of go. Note that by Lemma 1.4.13 only one of w and w™" can intersect the

“border” of g.
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Definition 1.4.14. Let g € F' be a reduced expression such that g = g19» and let w

be a reduced word. Define the sign of the expression, denoted s as

1 if w intersects the “border”;
s=1<{ —1 if w™! intersects the “border”;
0  otherwise.

Lemma 1.4.15. Let g = g19> be a reduced expression with sign s. Then the value

h(9) — hw(91) — hw(g2) is equal to either 0 or s, and
0 < s(Hu(g) — Hu(g1) — Hu(ge)) < |w| — 1.

Proof. Let X; be the maximal set of disjoint copies of w in ¢g; and X5 be the maximal
set of disjoint copies of w in go. Then all the copies from X; U X, are contained in
192, so we have

cw(9) — culg1) — cu(ge) = 0.
Conversely, let X be the maximal set of disjoint copies of w in g = g;¢>. Then either
X = X7 UX, or X contains one copy of w which intersects the “border”. Thus, if
s =1, then

cw(9) = cul(g1) — cu(ge) < 1,
and

Cw(9) = culg) — cu(g2) <O

otherwise, and this proves the first inequality. The second inequality follows from the

1

fact that at most |w| — 1 copies of w or w™! can intersect the “border” of g. O

Note that H,, is antisymmetric, since C, (g ') = C,-1(g). It follows that
D(H,) < 3(Jw| = 1).

Indeed, suppose g1 = qiu, go = u gy and ¢ = §1g2 = gi1g>. Then by the previous
lemma,

0 < s1(Hu(9) = Ho(g1) = Ho(g2)) < ol =1,

0 < s2(Hu(g1) — Holgr) — Ho(u)) < |w| =1,

0 < s3(Ho(g2) — Ho(u™) = Ho(g2)) < |w| =1
It only remains to add up these three inequalities to get the result D(H,,) < 3(|lw|—1).
Similarly, for small counting quasimorphisms one can obtain D(h,) < 3, and with

more effort it is possible to find an upper bound which is even smaller.

Proposition 1.4.16. Let w be a reduced word. Then
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(i) D(hy) =0 if and only if |w| = 1;

(ii) D(h,) = 2 if and only if w is of the form w = wiwsw; !, W = wWiwow; 'ws or

W = wiwswsw, ' as a reduced expression;
(iii) D(hy) = 1 otherwise.

Proof. Suppose |w| = 1. Then, clearly, h, is a homomorphism, so D(h,) = 0.
Otherwise, w = wjws as a reduced expression. In this case hy,(w) = 1 while h,(w;) =0
and hy,(w2) = 0. This proves the first statement.

Let g1 = giu, g2 = u~'go and g = 1G> = 9192, where g, 91, 92,91, 92 € F, and g1
is the reduced representative of g1g,. Then

ho(9192) = hu(91) = hu(G2) = hw(9192) — hw(1) — hw(g2)—
- hw(gl) + hw(Ql) - hw<g2) + hw(92) + hw(u) - hw(uil) =7 =7 — Y2
where ~; € {0, s;} for 1 < i < 3 and sq, 9, s3 are the signs of the reduces expressions

gi1u, utgy and g, g respectively. Since we can always replace w with w™! and reverse

the order of the expressions, there are nine possibilities for the triple (sq, sq, $3):

0 if (s1,82,53) =(0,0,0);
D(hy) < 1 if (sq1,89,83) = (1,0,0), (0,0,1), (1,—1,0) or (1,0, 1);
@I 20 if (sq,89,83) = (1,1,0), (1,1,1) or (1,0, —1);
3 if (81732,85) = (1, 1, —1)

Consider first the case (s1, s9,s3) = (1,0, —1). If the word w overlaps g;u and w™*

overlaps ¢1¢s, then, clearly, either some prefix of w is equal to a substring of w=! or
some prefix of w™! is equal to a substring of w. In both cases, w has one of the forms
listed in (ii).

Suppose that (si, 9, s3) is either (1,1,0) or (1,1,1). Then w overlaps both gju
and u~'g, and has the form w = wjwsws where either wyws is the prefix of u and wyws
is the suffix of ™! or ws is the prefix of u and w; is the suffix of u=!. In the first case,
wy twy ! is the prefix of u, so we get wy = w, ', which is impossible. Thus, one of w;*
and ws is a prefix of the other. In both cases, w has one of the forms listed in (ii).

Finally, consider the case (s1,s2,53) = (1,1, —1). We can assume that w has the
form w = wiwawswsy ! without loss of generality. Here wiwows is the suffix of ¢g; and
wswy ! is the prefix of g,. By our hypothesis, a copy of w™" overlaps @ = w;wawswsw; *.
From Lemma 1.4.13 it follows that w; 1w2_ 1w1_ ! does not overlap wiwsows in w and the
subword wow; ' of w™! does not overlap wsw, ' in @. Hence, the subword ws ' of w™!

does not overlap wiwswswsw, *. Thus, if there is an overlap, then either the prefix
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wiws of W intersects with the suffix w; 'w;* of w™" or the suffix wy of @ intersects with
the prefix wy of w™!. By Lemma 1.4.13 neither of these two cases can occur, so the
case (s1, S2,53) = (1,1, —1) is impossible.

If the word w has one of the forms listed in (ii), then it can be verified by example

that D(h,,) > 2. For instance, if a = b = wjwow; !, then ab = wiwiw; ' and
|hw(ab) — hy(a) — hy,(b)| = 2.
O

Definition 1.4.17. A word w is said to be monotone if for each ¢ € S at most one

of a and a~! appears in w.

From the Proposition 1.4.16 it follows that D(h,) < 1 for any reduced monotone
word w. Here D(h,) = 1 whenever |w| = 1.

One can also study linear combinations of counting quasimorphisms. Suppose
{w;}ier is a sequence of words and {r;},cs is a sequence of real numbers such that

Y icy 73| is finite. Then ¢ = 3", 7k, is a quasimorphism with D(¢) <23 .., 7.
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1.4.3 Rotation number

Rotation numbers were introduced in the study of one-dimensional dynamical
systems by Poincaré [14]. Denote by Homeo(S') the group of homeomorphisms of
the circle S*. Suppose Homeo™ (S1) its subgroup formed by all orientation preserv-
ing homeomorphisms in Homeo(S'). Let also G' be a subgroup of Homeo™ (S') and

consider the covering projection R — S'. There is a universal central extension

0 > Z > Homeo™ (R)2 —— Homeo" (S') —— 0,

where Homeo™ (R)Z is the group of orientation preserving homeomorphisms of R
which commute with integer translation. Equivalently, Homeo™ (R)% is the group
of homeomorphisms of R which cover homeomorphisms of S!. Denote by G the
preimage of G in Homeo™ (R)% under the covering projection. Then G is centralized

in Homeo™ (R)Z by the subgroup generated by a translation z +— z + 1.

Definition 1.4.18. [Poincaré’s rotation number| Given an element f € G, the rota-

tion number is defined by
on 0
rot(g) = lim f—()

n—o0 n

The limit is well-defined and, it is to be noted, any point can be taken instead of

0; the limit remains the same.
Lemma 1.4.19. The function rot : G — R is a quasimorphism.

Proof. Let t € Homeo(R)% be the integer translation by one. Observe that for an
element f € @, rot(t°" o f) = n + rot(f). Now take two arbitrary elements f, g € G
and write f = t°" o f and g = t°™ o ¢’ where 0 < f/(0),4'(0) < 1. It follows that
fog=1t"tm o fo¢ and

0 < rot(f’) + rot(g’) < 2,
0 <rot(f og) <2,

ans so D(rot) < 2. O
Lemma 1.4.20. For allr € R and f,g € @, there is an inequality
r—2<|[f,q](r) <r+2.

Proof. Observe that by applying the integer translation by one to both f and g

multiple times, we can obtain

qg< ("o f)(q), (" og)(q) <g+1
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for some integers n and m and any real number ¢q. Note that this procedure does not

change [f, g]. Thus, we can assume g < f(¢),9(q) < ¢+ 1. Then we obtain

q< flq) <(fog)g) < flg+1)<q+2,
q<g(q) <(gofllg) <glg+1)<qg+2.

Let r = (g o f)(g), then from the second inequality we have
gST<q+t2

and from the first inequality we obtain

r—2<q<(fog)q)=(fogofltogHh(r)<g+2<r+2

Since ¢ was arbitrary, then so is p (up to multiplication by some central element).

Since any central element commutes with [f,g] = fogo f~'o g™, we get
r—2<|[f,g](r)<r+2

for any r € R. O]

Lemma 1.4.20 shows that every commutator moves every point at distance at
most two. Now we can use this fact to prove the following theorem which provides a

connection between the rotation number and stable commutator length:
Theorem 1.4.21. Denote H = Homeo™ (R)Z, then

_ Jrot(f)]

scly (f) 5

Proof. Consider an element g € H such that g moves some points in the positive
direction and some points in the negative direction. For any point p € R and suffi-
ciently small € > 0 there is a conjugate of g which translates p to p+1— § and there
is a conjugate of g~! which translates g(p) to g(p) + 1 — 5, so there is a commutator
which translates p top+2 — <.

Consider now f € H such that |rot(f)| = r, then f°" translates every point
at a distance less than nr + 1. From the first part of the proof it follows that for
every point p € R and any ¢ € R with |¢| < 2, there is a commutator h € H such
that h(p) = p + q. Now we can divide the segment of length nr + 1 into pieces of
length 2 — ¢ for sufficiently small ¢ and this shows that f°" can be expressed as a
o

product of no more than \_ + 1 commutators and an element f' € H which

fixes some point. The dynamics of the orientation preserving homeomorphism f’ on
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every interval, complementary to fix(f’) is topologically conjugate for a translation
t of the real line. That is, there exists an orientation preserving homeomorphism
¢ such that c(o(p, f')) = o(c(p),t), where o(p, f) denotes the orbit of p € R under
the homeomorphism f. Observe that any translation of R is the commutator of two
dilations, and therefore any such f’ € H with a fixed point is a commutator. It
follows that

nr—+1
i (f) < { . J o
and so
1 on nr+1 +2 t
scly (f) = T}l_)r{)lo# < nh—{go% _ g _ |ro2(f)|‘

Conversely, by Lemma 1.4.20, every commutator translates every point at a dis-
tance less than two, and since f°" translates every point at a distance less than nr+1,
we have

2clg(f") = nr + 1,

and it follows that

) ClH( on)
lg(f) = lim —24 2
S¢ H(f) nl—{go n n—oco 2N 2

which finishes the proof. O
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1.5 Bounded cohomology

The (co)homology theory of groups arose from both algebraic and topological

sources. In this section we briefly introduce this theory.

Definition 1.5.1. Let G be a group. The bar complez C.(G) is the n-dimensional
complex generated by n-tuples (gi,...,g,) with g; € G. The boundary map 0 is
defined by the formula

[y

n—

a(gla "'7971) = (92, --'>gn) + (—1)i(917 oy 9iGi+1, ---,gn) + (—1)n(91> ---agn—l)-

=1

For a coefficient group R, define the homology of the group G with coefficients in R
to be H,(Cy(G) ® R). Let C*(G, R) = Hom(C,4(G), R) be the dual cochain complex
and let 0 denote the adjoint of 0. The homology group of (C*(G, R),0) is called the
cohomology group of G with coefficients in R and is denoted H*(G, R). The chain
group C,(G) has a canonical basis, consisting of all n-tuples (g1, ...,9,), ¢; € G, in
dimension n. If R is a subgroup of R, a cochain a@ € C™(G, R) is said to be bounded
if
sup [a(g1, -, gn)| < 00,

where the supremum is taken over all n-tuples (g1, ..., g,). This supremum is called
the L*-norm of a and is denoted ||a|/s. The set of all bounded cochains forms a
subcomplex Cy(G, R) and its homology is the so-called bounded cohomology of G and
is denoted H; (G).

Since CJ'(G) is formed by all the chains with finite norm, the norm || - || makes
it into a Banach space for each n. This L*-norm induces a (pseudo)norm on H;(G)

defined in a following way: given a bounded cohomology class [a]| € H; (G), set
l[e]lloc = nf o,

where the infimum is taken over all bounded cocycles o in the class of a. If the
bounded coboundaries Bj}(G) form a closed subspace of C}'(G), then this defines a
Banach norm on HJ'(G), but, it is to be noted that it is not always the case that
B}(G) is closed in CJ(G).
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1.5.1 Gersten boundary norm

Let us first have a look at what these definitions mean in low dimensions. Recall
that CA)(G) denotes the vector space of all quasimorphisms on the group G and Q(G)
denotes the vector subspace of all homogeneous quasimorphisms. The defect function
D(-) defines a pseudonorm on Q(G) and Q(G) which vanish exactly on the subspace
spanned by all homomorphisms G — R.

A one-dimensional cochain ¢ € C'(G,R) is just a real-valued function G — R,
and ¢ is a cocycle if and only if ¢ = 0. By the definition of the coboundary map,

50(g1,92) = @(g1) + ©(g2) — ©(9192)-

Hence, ¢ is a cocycle if and only if ¢ is a homomorphism and the subspace of @(G),
spanned by homomorphisms G — R, namely Hom(G,R), can be identified with
H'(G,R). Since any nontrivial homomorphism G — R is unbounded, it immediately
follows that H}(G,R) is trivial for any group G.

Suppose @ is a quasimorphism defined above. Then we have

106(g1, g2)| = l0(g1) + ©(g2) — p(g192)] < D(p),

for any gi,go € G. Hence, dp is a bounded 2-cochain, i.e. dp € CZ(G,R) and
10¢]lc = D(p). Since dp is clearly a cocycle, it follows that the image of the
coboundary map of a quasimorphism is a bounded 2-cocycle. For ease of notation we
sometimes abbreviate C*(G,R) and C;(G,R) by just C* and C} respectively.

Theorem 1.5.2. There is an exact sequence
0 — H'(G,R) — Q(G) —>— H2(G,R) —— H?*(G,R).
Proof. Consider the short exact sequence of cochain complexes

0 > Cy » O —— C*/Cy —— 0.

Then there is an induced natural long exact sequence of cohomology groups
.. —— H"(CY) —— H"(C*) —— H"(C*/C}) —— ...
and thus we can derive a sequence

H}(G,R) —— HY(G,R) —— H'(C*/C}) —— HE(G,R) —— H?*(G,R).
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We already know that H}(G,R) is trivial. Note that a function ¢ : G — R is a

quasimorphism if and only if dp € C?, hence,
H'(C*/C}) = Q(G)/C.

Observe that if ¢ and v are two quasimorphisms on G, which differ by a bounded

value, then their homogenizations are the same, and thus
H'(C"/Cy) = Q(G)/Cy = Q(G),
and this finishes the proof. m

Denote the cycles and the boundaries with real coefficients by Z,(G) and B, (G)

respectively. Then in dimension two, there is a short exact sequence
0 —— Zo(G) —— Co(G) —2— B,(G) —— 0.

It follows that B;(G) inherits a quotient norm, since Cy(G) is normed and Z5(G) is

its normed subspace.

Definition 1.5.3. Consider a € B;(G,R). The Gersten boundary norm of a is defined
by
lalls = inf (Al

where the infimum is taken over all 2-chains A € Cy(G) with boundary a, and || A||;

is the usual L'-norm.

Since B1(G) is a normed space, we can identify its dual space with respect to the

Gersten boundary norm.

Lemma 1.5.4. The dual space of B;(G) with respect to the Gersten boundary norm
|15 is Q(G)/H'(G,R), and the operator norm on the dual space is D(-) = [|6 - [|oo.

Proof. For a normed vector space V' we denote the space of bounded linear functionals
on V with the operator norm by V.

Consider an element f € Bi(G). By definition of a quotient norm, there is
F € O5(G) such that F(A) = f(0A) and so F vanishes on Z,(G), ie. it is a
coboundary. Thus, F = dp where ¢ € C1(G) is unique up to some element of
H'(G,R). Tt follows that ¢ is a quasimorphism since F' is bounded. Note that f is

equal to the restriction of ¢ to B;(G), and so we have just defined a map
By(G) — Q(G)/H"(G,R).
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Clearly, this map is surjective. Suppose that two different elements fi, fo € B1(G)
define the same quasimorphism ¢ € @(G)/Hl(G, R). Then, if we restrict ¢ to Bi(G),
we get that f; = fo, which is a contradiction, and hence the defined map is an
isomorphism of vector spaces.

Pick an element b € By such that ||b||p = 1, so there exists a 2-chain A € Cy(G)
with A = b and ||Al|; < 1+ ¢ for some ¢ > 0. We can express A as

A:Zﬁ(guhi)y

where r; € R, ¢g;, h; € G, and

il <1+e.

Since F' = dp and 0 is adjoint to 0, we have

[F'(A)]
1+e¢

< sup | F(gi, hi)| = sup [6¢(gi, hi)| = sup [(9(gi, hi))| =

= sup lo(gihi) — ¢(gi) — @(hi)| < D(p).

It follows that the operator norm of F' does not exceed D(yp).

On the other hand, suppose ¢g; and g, are two arbitrary elements of GG such that

91,92 # e. Then (g1, g2) = g1 + g2 — 9192 and [|0(g1, g2)[|1 = 3, so we obtain

1
1> |0(g1,92)||5 = gl!a(gl,gz)lll =1,

but we have F'(g1,92) = ©(g1) + ©(g92) — ¥(g1,92), and so there exist g1, go € G such
that [|0(g1, 92)||s = 1 for which the value |F(g1, g2)| is arbitrary close to the value of
defect of the quasimorphism . Hence, the operator norm if F' is at least equal to

D(p) and overall, the operator norm on the dual space is equal to D(+) = |0+ [|o. T

The dual space of a normed vector space is always a Banach space, thus the space
@(G)/HI(G, R) is a Banach space. Now Q(G)/H'(G,R) is a Banach space since it
is a closed subspace of @(G)/Hl(G, R), since the closed subspace of a Banach space

is always a Banach space.

Lemma 1.5.5. Let ¢ be a homogeneous quasimorphism on a group GG. Then

D(p).

1
D(¢) = 66l >
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Proof. By definition,
110¢]llec = inf [[o]]oo,

where the infimum is taken over all bounded 2-cocycles ¢ in the cohomology class
of 6. Any such o is of the form 1) where 9 is some unique quasimorphism, such
that ¢ — ¢ € C}(G). In particular, ¢ is a homogenization of ¢» and hence we have an
inequality

1160)1< = nf D) < D(),

where infimum is taken over all quasimorphisms ¢ such that ¥ — ¢ € C}(G). It
is actually suffices to take the infimum over antisymmetric quasimorphisms ¢, since
antisymmetrization does not increase the defect.

Pick two elements g1, go € G such that |0p(g1, g2)| is very close to the value D(y).

2n 2n

From the proof of Lemma 1.4.10 we know that an element g3"g3"(g,gs) "

can be

expressed as a product of at most n commutators. From Lemma 1.4.8 it follows that

1¥(g3" 95" (9192) )| < (4n — 1) D(1),

since 1 is antisymmetric. Since 1) — ¢ € C}(G), then there is a constant C' > 0 such
that

(97" 93" (9192) ") — (91" 95" (g192) *")| < C.

Note that the constant C' does not depend on g;,9, and n. Moreover, since ¢ is

homogeneous, we have

2n  2n

(97" 95" (9192) ")

—2n¢(g1) — 2np(g2) + 2n9(9192)| =

(97" 95" (g192) ") — 2n - 6(g1, g2)| < 2D(yp),

and S0 2n . 2n —2n
lim ©(97" 95" (9192) ")

n— o0 2n

= |590(91,92)|-

Recall that [dp(g1,92)| is arbitrary close to D(p). Combining everything together,
we get
D(p) < 2D(3),

which proves the lemma. O

Typically, the Banach space Q(G)/H* (G, R) is very big, even for finitely presented

groups.
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Example 1.5.6. Let F' = F{a, b) be a free group on two generators. For each positive

n consider a word w,, = ab”a and for each map f :Z, — {0, 1} define
ﬁf - Z f(n)ﬁwrﬂ

where each H,, denotes the homogenization of the big counting quasimorphism. Since
the words do not overlap, we have D(H;) = 1 and by Lemma 1.5.5, D(H;) < 2. If
f, g are two different functions Z; — {0, 1} and n is in the support of f and not in
the support of g, then

(Hy — H,)(ab"a) = 1.

On the other hand, both H; and H, are not in H'(G,R), since H(a) = H,(a) = 0.
It follows that D(ﬁf — ﬁg) > 0, and since both functions are taking integer values,
D(H; — H,) > 1. In words, we have just constructed a subset of Q(G)/H*(G,R) of

cardinality 2%0.
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1.6 Bavard duality

In this section we aim to prove Bavard’s Duality Theorem, which provides a

functional analysis characterization of stable commutator length.

Lemma 1.6.1. Let X be a normed space with norm || - ||x and let X be its dual
space with norm | - ||x. Let also 25 € X be such that zy # 0. Then there exists a
bounded linear functional f on X such that || f||x = 1 and f(z0) = ||zo| x-

Proof. We aim to find a subspace Z C X, containing z, and a linear functional f € Z

such that f(zo) = ||zo||z and || f|| = 1. For instance, we can take
Z =A{axg | a € R},

i.e. the one-dimensional subspace of X spanned by xy. Let the functional f : 7 — R
be defined by

flaxo) = al[xo| x.
Then, according to the Hahn-Banach Theorem, there exists and element of the dual

space f € X such that f(zo) = f(z0) = ||ollx and || f|x = || f|lz = 1, as required. O

Corollary 1.6.2. For each element x in a normed space X we have

fz)
£ 1%

where the supremum is taken over all nonzero linear functionals in the dual space X.

2]l x = sup

Proof. The lemma implies that there is some functional f € X with norm equal to
one and which takes x € X to ||z|/x. It follows that

()]
"7

On the other hand, since f is bounded, we have

> [l x-

[F@) < [fllx - 1l x,

and it follows that
|f(z)]

e < llelx

1=
and this implies the desired equality. O
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Suppose now that G is a group and a € [G, G] so that a € B;(G) as a cycle. Then,

according to Lemma 1.5.4 and Corollary 1.6.2, we have an equality:

lallp = sup :
0eB1(@) D(p)
where B1(G) = Q(G)/H'(G,R).

Now we can relate the Gersten boundary norm to stable commutator length.

Definition 1.6.3. Let G be a group and a € [G,G] so that a € B1(G) as a cycle.
Define the filling norm of a, denoted fill(a) to be the homogenization of ||a||z. That

is,
[la™]

fill(a) = lim |

n—oo n

For any n, m there is an identity
d(a",a™) =a" +a" —a"",

and so we have

la™ |5 < lla"|l5 + [la™ |5 + 1.

The following lemma shows that the limit in Definition 1.6.3 exists.

Lemma 1.6.4. Let {z;}°°, be a sequence of real numbers with each x; > 0 and such
that z,m < x, + x,, + 1 for any n, m. Then

lim 2" € RU {—o0}.

n—oo M

Proof. Suppose that

.. x
liminf == < b < .
n—oo n

Then there exists n > ﬁ such that #» < b. For sufficiently large [ > n, so that

l(c —b) > 2max, <, x,, write | = nk + r, where 0 < r < n, and so

x kr, +x.+k _x, =z 1 c—b c¢c—b
—l<—<—+—+—<b—l— + =c.
l l n { n 2 2
Hence we have
. Tn .. Tn
lim sup — = liminf —,
n—oco N n—oo 1
and so the limit exists. ]

Now we are able to provide a relation between the Gersten boundary norm and

stable commutator length.
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Lemma 1.6.5. [Bavard| Let G be a group and let a € [G, G]. There is an equality
1
sclg(a) = 1 fill(a).

Proof. Since a" can be expressed as a product of commutators, we are able to con-
struct an orientable surface S with one boundary component together with a homo-

morphism ¢ : m1(S) — G such that
0,08 =a"

in 7 (S). Suppose S has genus g. We can construct a one-vertex triangulation of S

with 49 — 1 triangles, where one edge maps to the boundary, and thus
la™||p < 4clg(a™) — 1.
Dividing both sides by n and taking the limit as n — oo, we get
fill(a) < 4sclg(a).

Conversely, let X be a topological space with 7;(X) = G and let v : S — X be
a loop, representing the conjugacy class of a. Now let A be a chain such that 0A = a
with the L'-norm [|a||; close to ||a||z. Let V be the finite dimensional subspace
of Cy(G,R) of the 2-chains with the support contained in the support of A. Note
that V is a rational subspace, and therefore since a is a rational chain, the subspace
07 Y(a) NV rationally “approximates” the chain A, i.e. it contains rational points
arbitrarily close to A. Then by changing A in such a way that its norm is altered by
an arbitrarily small amount, we may assume that A is rational. Furthermore, after

scaling by some integer, we may assume that A is integral with A = na for which
(Y[R
nllall s
o; is a singular 2-simplex, i.e. a map o; : A2 — X. We can group the edges of

the value

is very close to one. Write A = ). n;0;, where each n; € Z and each

0;’s in pairs except for those edges mapping to . The result of such a pairing is an
orientable surface S with a map ¢ : S — X such that ¢,(Ag) = A, where Ag is a
chain representing the fundamental class [S]. By construction we have || Ag|l; = || A||1,

and so using Theorem A.4 and Proposition 1.3.1 we obtain

Al _ WAslh o =2(8) |, =X (8) _, 0
n n n 2n
Since we can take @ to be arbitrarily close to ||a|| g, we can then apply a homog-
enization to get
fill(a) > 4sclg(a),
which finishes the proof. n
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Finally, we have all the preliminary results to be able to prove Bavard’s Duality

Theorem.

Theorem 1.6.6. [Bavard’s Duality Theorem| Let G be a group. If the quotient space
Qu(G) = Q(G)/H'(G,R) is not trivial, then for any element a € [G,G] there is an
equality

1 fela)
sclg(a) = 5 (peQHp(G) Do) (1.4)

In case when Qy(G) is trivial, sclg(a) = 0 for all a € [G, G].

Proof. As we already know, Corollary 1.6.2 implies the following equality:

lalls = sup 2@

©€B1(G) D(p)
where B;(G) = Q(G)/H'(G,R). Homogenization of both sides combined with

Lemma 1.6.5 gives us

1. lp(a™)]
| =-1 .
sclg(a) 4 nl—{go (@:;EG) nD(p)

Let ¢ to be the homogenization of ¢. By Lemma 1.4.4, there is an estimate

p(a”) — @(a")] < D(p),
from which it follows that for each n and any quasimorphism ¢,
o) = gla)]| _ 1
nD(p) S
Note that if Qg (G) is trivial, then @ = 0, and so

(e _ 1

nD(g) S n’

It follows that in this case stable commutator length vanishes.

For each n, consider the sequence {¢,;} of elements in Q(G) such that

Pnm(a”) — su lp(a”)] l
nD(¢n,m) ©eB1(G) nD(y) m’
then
bunle®) - lela)|
nD(SOn m) »€B1(G) nD((p)
[ Bun)  pun) | punte) L letel| 1,1
nD(pnm)  nD(Pnm)  nD(onm) ©€B1(G) nD(p) nom
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Consider a diagonal subsequence {¢y,,}. We get

Prn(a”) — sup lp(a”)]

nD(@n,n) »€EB1(G) nD(SO)

and hence we obtain

1 |2(a™)]
sclg(a) = = sup
4 oeBi(@) nD(y)
Since @ is homogeneous,
sclg(a) = = sup [la)l

©eB1(G) (p)
From the proof of Lemma 1.5.5 it follows that

D(p) 2 5D(®),

1
2
so we get

1 o 1 2|@ 1
sclg(a) = = sup |P(a)] <> sup |P(a)] L lo(a)]

4 ,eBi () (p) 4 ©EB1(G) D(p) 2 pequ(a) D(p)’

Conversely, suppose ¢ is a homogeneous quasimorphism and a™ can be written as

a product of m commutators. Then, by Lemma 1.4.9 we have
p(a™)| < 2mD(p),

SO

n < Lle(a)|
clg(a”) > 3 D(p)

Dividing both sides by n and taking the limit as n — oo, we get

sup o(a)l
veon(c) D(v)

DN | —

sclg(a) >

which proves the equality (1.4). O
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1.7 Amenable groups

The behaviour of stable commutator length can be different, depending on the
group. In this section we aim to show that the function sclg vanishes in case when
G is amenable.

We briefly present the theory of amenability following A.L.T. Paterson [13]. The
study of amenable groups arose from the study of finitely additive, invariant mea-
sure theory. The concept of isometry-invariant measure leads to the well-known
Banach-Tarski paradox and the theory of paradoxical decompositions. In 1929, a few
years later after the Banach-Tarski Theorem, von Neumann introduced the class of
amenable groups and used them to explain why the paradox occurs only in dimension
at least three, however, the term amenable was introduced by M.M. Day as a pun a

couple of decades later, in 1950.

Definition 1.7.1. Let G be a locally compact topological group. A measure on G
is a finitely additive measure p on the subsets of G, such that u(G) = 1, which is
left-invariant; that is, for all ¢ € G and S C G, u(gS) = u(S). We say that G is

amenable if it has such a measure.

There are many equivalent conditions for amenability. For instance, any amenable
group G has a fixed point property; that is, any linear action of the amenable group G
on a compact convex subset of a (separable) locally convex topological vector space
has a fixed point. It is easy to see that any finite group is amenable. Furthermore,

any soluble group is amenable.

Proposition 1.7.2. Let G be amenable. Then every homogeneous quasimorphism

¢ : G — R is a homomorphism.

Proof. Let ¢ : G — R be a quasimorphism. Note that to prove the proposition, it is
enough to show that there exists a homomorphism which differs from ¢ by a bounded
amount. Denote by R“*% the space of functions G x G — R with the topology of

pointwise convergence. We can define a function ® : G x G — R by

®(a,b) = p(a) = @(b).

The group G acts on G x G diagonally; that is, for all g € G and for all (a,b) € G X G,

g(a,b) = (ga, gb).
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Hence, G acts diagonally on R“*“. For any ¢ € G we have

g®(a,b) = ¢(ga) — p(gb),

and so

lg®(a,b) — ®(a,b)| = |p(ga) — ¢(gb) — p(a) + ¢(b)| =
lp(ga) — w(g) — ¢la) — (w(gb) — ¢(g) — ¢(b))] < 2D(p).
So, the set
B = conv(GP),

which is a convex hull of the orbit G® is a compact, convex subset in R“*“. Note
that for any a,b,c € G,

®(a,b) + @(b, c) = w(a) — ©(b) + ¢(b) — ¢(c) = ®(a,c),

and for any a € G, ®(a,a) = 0. Furthermore, ® is antisymmetric in its arguments.
This property is invariant under the action of G, and preserved under limits and
linear combinations, so it holds for any element of the convex hull B.

Since G is amenable, any linear action of G, which is invariant on a compact
convex subset of a locally compact convex topological vector space, has a fixed point
in this set. Let ¥ : G x G — R be such a G-invariant function. Define ¢ : G — R
by

¥(a) = ¥(a, eq),

where e € GG is a group identity. Since W is G-invariant, we have
Y(ab) = V(ab,eq) = a¥(b,a™') = ¥(b,a™").

We also know that
U (b, a_l) + \If(a_l, eq) = V(b eq),

o)
W(ab) = b(b) — ¥(a™).
We also know that W is antisymmetric in its arguments, thus

Y™ =V(ateq) =V(eg,a) = —V(a,eq) = —1(a),

and hence we have
Y(ab) = ¢(a) + ¥ (b),
which finishes the proof. n
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Consider the space @(G) of all quasimorphisms on G and its subspaces @O(G)
and @1(3) ~ HY(G,R), consisting of bounded functions and homomorphisms re-
spectively. Note that @O(G) N @1(G) is trivial. Consider the quotient spaces

~

R(G) = Q(G)/Q(@)

and
R(G) = Q(G)/(Qo(@) & Q1 (G)) = R(G)/H (G, R).

For any element ¢ € Q (G) there is a homogenization € Q(G), and hence, since any
two quasimorphisms, which differ by a bounded amount, have the same homogeniza-

tion, we have

and therefore

R(G) = Q(G)/H'(G,R).
Since G is amenable, Proposition 1.7.2 tells us precisely that R(G) is trivial.

Theorem 1.7.3. Let G be amenable. Then for all g € [G, G|,

sclg(g) = 0.

Proof. Since Q(G)/H'(G,R) is trivial, the statement of the theorem directly follows
from Bavard’s Duality Theorem (Theorem 1.6.6). O
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1.8 General method for the vanishing theorems

Some proofs of the fact that stable commutator length vanishes on certain class of
groups actually proceed by showing that the commutator length in this class of groups
is bounded. However, D. Kotschick [9] emphasized that vanishing stable commutator

length is a weaker conclusion, so it may be proved with less effort.

Proposition 1.8.1. Let G be a group and let H < G be a subgroup with the
property that there is an arbitrary large number of conjugate embeddings H; < G of
H in G such that elements of H; and H; commute in G whenever i # j. Then every

homogeneous quasimorphism on G restricts to H as a homomorphism.

Proof. First of all we show that ¢([a,b]) = 0 for all a,b € H. Denote by a;,b; € G the
images of a and b under the embedding map for H; < G. Since ¢ is homogeneous, it

is constant on conjugacy classes, and so

ne([a, b)) = ¢([ar, bi]) + ... + ¢ ([an, ba]).

Applying Lemma 1.4.5 to the right hand side, we get

ngp([a, b]) = @([alvbl] T [anvbn])7

and since elements of the different embeddings H; and H; commute, we obtain

ne([a, b)) = ¢([ay...an, by...b,]),

but ¢([ay...an, b1...b,]) < D(p) and so the same bound holds for the left hand side.
If o([a,b]) # 0, then the value of ny([a,b]) is unbounded, since we can take n to be
arbitrarily large, and the value of ¢([a;...an,b;...b,]) is still bounded, so we have a
contradiction and ¢([a,b]) = 0.

From Lemma 1.4.10 we know that the element a?"b**(ab) " can be expressed as

—an—Zn

a product of at most n commutators. Then so is (ab)*"a . From the proof of

Lemma 1.4.5 we know that

p(ab) — p(a) — @(b)] = — lim |p((ab)>"a™2"b2).

21 n—o00

It follows that the right hand side is bounded above by $D(y). By taking the supre-
mum of the left hand side, we get D(¢) < 3D(¢), so ¢ is a homomorphism. O

Recall that a group G is said to be perfect, if it equals its own derived subgroup,
ie. G =[G,G].
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Theorem 1.8.2. Let G be a group in which every element can be expressed as
a product of some fixed number of elements contained in distinguished subgroups
H < G. If each subgroup H is perfect and has the property that there is an arbitrary
large number of conjugate embeddings H; < G of H in G such that elements of H;
and H; commute in G whenever i # j, then for any g € [G, G,

sclg(g) = 0.

Proof. Suppose G is a group in which every element can be expressed as a product
of k elements contained in distinguished subgroups H < . Since each subgroup H
is perfect, from the proof of Proposition 1.8.1 it follows that the restriction of any
homogeneous quasimorphism ¢ : G — R to H vanishes. Therefore the value of
©(g) for any g € G is bounded by (k —1)D(y), and every bounded quasimorphism is

trivial, hence we are done. O
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1.9 Stable commutator length as a norm

Stable commutator length can be naturally generalized to a pseudonorm on some
quotient of By(G). In this case, Bavard duality holds in the broader context with
essentially the same proof. First of all, we show how the functions clg and sclg can

be extended to finite sums.

Definition 1.9.1. Let G be a group and let ¢, ..., g, be not necessarily distinct
elements of G. If the product g; - ... - g € [G, G, then define clg(gr + ... + gm) to
be the least number of commutators whose product is equal to an expression of the
form

glhlgghl_thQQhQ_l...hm_lgmhr_nl_l

for some elements h; € G, 1 < i < m — 1. In other words,

CIG(gl +o Tt gm) = inf CIG(glhnghl_th.g?hgl"'hm—lgmhr_nl—l)a

where the infimum is taken over all hq, ..., h,,_1 € G. Then define

. clelgy + ...+ g
sclg(g1 + ... + gm) = lim et J )

n—o0 n

Note that clg and sclg depend only on the individual conjugacy classes of the sum-

mands, and are commutative in their arguments.

There is the following geometrical interpretation of this generalization. If X is a
topological space such that 7 (X) = G and 7, ..., ¥, are loops which represent the
conjugacy classes of gy, ..., g, correspondingly, then clg(g1 + ... + gm) is the smallest
genus of a surface S with m boundary components 0; for which there is a map
f S — X wrapping each 0; around ~;.

The following lemma shows that the limit in Definition 1.9.1 exists.

Lemma 1.9.2. Suppose the product gy, ..., g € [G,G]. Then the limit

(g + ...+ "
thc(glJr +g7)

n— 00 n

exists.

Proof. Note that the function clg,, defined by

clan(gr + -+ gm) = cla(gy + ... + g2)

42



is not subadditive, but the “corrected” function clg ,, m, defined by

clenm(gr + ... + 9m) =cla(gi + ... + g5,) + (m — 1)

is actually subadditive. Suppose that S, and Sy are two surfaces with m boundary
components, each of which wraps n and k times respectively around each of the m
loops. Then these two surfaces can be connected together via m rectangles. This
operation gives us a surface S of genus gg, + gs, + (m — 1) with m boundary com-
ponents, each of which wraps n + k times around each of the m loops. Here gg, and
gs, denote the genus of S,, and S}, respectively. Thus, by Fekete’s Lemma the limit
on the left hand side exists, and then so is the limit on the right hand side:

i celgy + ... +4g) +(m—1) ~ lim clg(gy + ... -1—9;2).

n—oo n n—oo n

[]

Let S be a compact, connected, oriented surface. Given a group G, a topological
space X with 7(X) = G and loops v; : ST — X, 1 < j < m, we call a map

f 8 — X admissible if there is a commutative diagram

08 ——— 8§
8fl lf
H S LI V5

where i : S — S is the inclusion map. Define n(S) by the identity

df.[05] = n( []_[51]

as before. Informally, n(S) is the common degree with which 0S wraps around each

of the m loops 7;.

Proposition 1.9.3. Given a group G and a topological space X with 7m(X) = G.
For 1 < j < m,let 7; : S* — X be a loop representing the conjugacy class of an
element a; € G. Then

—x"(S5)

SR (1.5)

sclg(ay + ... + ay) = i%f

where the infimum is taken over all admissible maps f : S — X as defined above.
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Proof. Note that the proof is almost the same as that of Proposition 1.3.1. The
inequality in one direction follows from the definition, if we use the function clg , m

instead of clg -

=X (9)
sclg(ay + ... + an,) > 1gf on(9)

Conversely, let S be a surface with admissible map f : S — X. We may
assume without loss of generality that each component of S; has at least one boundary
component which maps to some ~; with some nontrivial degree. Suppose N is a
sufficiently big even fixed integer. For each S; we can construct a cover C; of degree
2N such that C; is connected and has at most as many boundary components as S;. As
before, by gluing on a constant number of rectangles, each C; can be modified to have
exactly m boundary components, each mapping to some 7; with degree 2Nn(.S). This
operation raises the value —x~(S) by an amount independent of N, so the inequality

in the reverse direction follows. O

A surface S is said to be extremal if it realizes the infimum in (1.5). It is easy to
see that if such extremal surface exists, then sclg must be rational.

The generalized function sclg defined above can be easily extended to integral
group 1-chains. Suppose that n is any nonnegative integer and a,a; € G, 1 < i < m.
Let X be a topological space with 7(X) = G, and let v : S* — X be a loop
representing the conjugacy class of a. Now let S be a surface, which maps to X
in such a way that its n boundary components wrap around 7 a total of m times
for sufficiently large m, and the rest wrap around loops ~; representing the conjugacy
classes of a;. We can modify S by tubing together the different boundary components
wrapping around . This operation increases the value —x~(S) by n — 1. Note that
m can be arbitrarily big in comparison to n.

On the other hand, suppose that one of the boundary components of a surface S
mapping to X wraps around " with some degree, and the rest boundary components
wrap around the loops 7;, 1 < i < m. Then we can take n copies of S as a surface.

This discussion suggests us that the generalized function sclg satisfies

sclg (a"—i—Zai) = sclg <a+ —|—a+;ai) :

=1 n

Similarly, suppose that X is a topological space with 71(X) = G, and ~, v; are the
loops representing the conjugacy classes of a and a; respectively, 1 < i < m. Let S

be a surface with boundary components wrapping around ;. Take a surface S’ to be
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the disjoint union of a surface S with some number of parallel copies of an annulus
from v to y~!. Then it is easy to see that —x~(S5") = —x~(.9).

Conversely, if a surface S has one boundary component which bounds 7™ and
one boundary component which bounds v, then we can glue these two boundary

components to obtain a surface S’ with —x~(S") = —x~(5). It follows that
sclg (a +a 4 Z ai) = sclg (Z ai> .
i=1 i=1

We conclude that for any elements a,aq, ...,a,, € G and for any equality of the

form n = ny + ... + ny over Z, there is an identity
m k m
sclg (a” + Z ai) = sclg <Z a™ + Z ai> .
i=1 j=1 i=1
Furthermore, for any integer n we have
In| sclg (Z ai> = sclg (Z nai> = sclg <Z a?) )
i=1 i=1 i=1

In other words, for any integral group 1-chain we have

sclg (Z nigl) = sclg (Z gf) )

Observe that the result is subadditive under addition of chains, so sclg can be ex-
tended to rational chains by linearity and to real chains by continuity, so it extends
in a unique way to a pseudonorm on the real vector space B (G).
Recall that in section 1.5.1 we defined the Gersten boundary norm || - ||z on By (G)
by
lalls = inf [AlL,
where a € B;(G) and the infimum is taken over all 2-chains A € C(G) with boundary

a. Then, in section 1.6 we defined the filling norm in a following way:
fill(a) = Tim 102
n—00 n

The first thing we can do is to extend the filling norm to integral chains:
29l
fill (Z gz-) = nh_)n(;lo —
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Then it can be extended by linearity to rational chains. Observe that for each fixed

paEDaC] I ot R
7 7 7 J

for any g¢;,h; € G, and so fill is subadditive under addition of chains and can be

n we have

<

B

+
B

)

B

extended by continuity to real chains. Summing up this discussion, we obtain the

analogue of Lemma 1.6.5.

Lemma 1.9.4. For any finite linear chain ) . t;a; € B1(G) there is an equality

sclg (Z tm) = iﬁll (Z ai> :

Proof. Note that it is enough to prove the equality for integral chains.

Suppose that S is a surface with m boundary components, of genus clg (D, al').
We can construct a triangulation of S with 4 clg(>_, al’) + 3m — 4 triangles, with one
vertex on each boundary component. Denote by 7" an embedded spanning tree in
1-skeleton, which connects the vertices on boundary components. Since there are m
such vertices, T has m — 1 edges.

Construct a simplicial 2-complex S/T as follows. Collapse T to a single point and
then collapse all degenerate triangles. Initial triangulation of S induces a triangulation
of S/T. Note that this simplicial complex has a single vertex, and its triangulation
has fewer triangles than the triangulation of S, so S/T there is a group 2-chain A

such that 0A = ), ¢;, where each ¢; is some conjugate to a;, and

|All; < 4clg (Z a$> +3m —4.

Since the filling norm is constant on conjugacy classes, dividing by n and taking the

limit as n — oo, we obtain

fill (Z ai> < 4sclg (Z ai) .

On the other hand, as before, we can rationally approximate the 2-chain A such
that 9A = >~ a! and the L'-norm || Al|; is close to || Y, a?| 5, i.e. we may assume
that A is rational. Furthermore, after scaling by some integer, we may assume that
the chain A is integral. As in the proof of Lemma 1.6.5, we can group the edges of
triangles in pairs to obtain a surface of the form S/T', which we constructed above.

Now, by adding a cylindrical collar to each boundary components, which forces us to
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add 2m triangles, we can modify this surface to a genuine surface. Using Theorem

A.4 and Proposition 1.9.3, we obtain

fill (Z ai) > 4sclg (Z tiai) )

(2

and we are done. O
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1.10 Generalized Bavard duality

Suppose G is a group and denote by H(G) the subspace of By(G) spanned by the
elements of the form g — hgh™! and ¢ —ng for all g, h € G and all integers n. Denote

By'(G) = B.i(G)/H(G).

Clearly, the function sclg vanishes on all such elements, by construction, and therefore
it vanishes on H(G). We are now able to prove the generalized version of Theorem
1.6.6.

Theorem 1.10.1. Let G be a group. Then for any finite linear chain , t;a; € B (G)

there is an equality

0EeQH(G)

1 tipla;
sclg <Ztiai> =5 sup %,

where Q(G) = Q(G)/H'(G,R).

Proof. The proof of this theorem is precisely the same as the proof of Theorem 1.6.6
with Lemma 1.9.4 instead of Lemma 1.6.5.
]

The reason why it is better to restrict attention to the space B(G) is that for

some groups the function sclg is a genuine norm on B (G).

Theorem 1.10.2. Let F' = F(S) be a free group. Then sclp is a genuine norm on
the vector space B (F).

Proof. Consider a chain ¢ € Bff(F). It has a representative of the form >, #;w;,

where each t; is nonzero and each wj; is a cyclically reduced primitive word in F' and
+
i

Note that we can reorder the elements of the chain ¢ in such a way that the length

also for distinct ¢ and j no two w' and w]il are conjugate.

of the word w; is not less than the length of any w;. For an integer N consider
the homogenization ¢ of the big counting quasimorphism H,x. We claim that for

sufficiently large N there is an equality
p(wi) =0

for all i # 1. Suppose that for some 7 # 1 the infinite product of words

00
W, = WiW;...
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lem(|ws|,|wi])

contains an arbitrarily big power w¥ as a subword, where N > 0. If N = o] ,

then |wl| = [wM]| and W} is conjugate to wM for some M:
w = twMt™! = (k™M

Since w; and tw;t~! are primitive words, we have M = N, and therefore w; = tw;t ™,
which leads to a contradiction. This proves the claim. Note that ¢(w;) = % It
follows that

It
1 > ——
sclg(c) IND()

and we are done. O

>0,
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Chapter 2

Free groups

In this chapter our goal is to prove that stable commutator length takes only
rational values on the elements of a free group. First of all, we introduce the notion
of branched surfaces as a toolbox to use in our proof of the rationality. Next, we
prove that stable commutator length is rational for a certain class of elements in the
free group of rank two, and then we extend our argument to arbitrary elements in a

free group of arbitrary rank.

2.1 Branched surfaces

In this section we introduce the branched surfaces, following L. Mosher and U. Oer-
tel [11].

Definition 2.1.1. A branched surface is a smooth, finite two-dimensional cell com-
plex B such that for each x € B, there is a unique tangent plane at x, and some
neighbourhood of z is a union of smoothly embedded open disks all of which are
tangent at x. In other words, a branched surface is a smooth, finite two-dimensional
complex obtained from a finite collection of smooth surfaces by identifying compact
subsurfaces. The branch locus of B, denoted br(B), is the set of points which are
not 2-manifold points. The components of B\ br(B) are called the sectors of the
branched surface. The set of sectors of B is denoted S(B). A simple branched surface
is a branched surface B with br(B) being a finite union of disjoint smoothly embedded

simple loops and simple proper arcs.

Local sectors of a simple branched surface meet along segments of the branch
locus. We consider branched surfaces with any number of local “sheets” approaching

the branch segment from one of two sides. Figure 2.1 shows an example of a local

20



model for a simple branched surface where five local sheets meet along the branch

locus.

Figure 2.1: Local model for a simple branched surface.

It is to be noted that we consider branched surfaces with boundary and we also
require that the branch locus intersects the boundary transversely. The sectors of a
simple branched surface B are surfaces, possibly with boundary. A branched surface is
oriented if the sectors can be compatibly oriented. In this discussion we only consider
oriented branched surfaces. We now define a weight function on a simple branched

surface.

Definition 2.1.2. Let B be a simple branched surface. A weight on B is a function
w : S(B) — R such that for each component 7 of the branch locus, the sum of the
values of w on the sectors which meet v on one side is equal to the sum of the values
of w on the sectors which meet v on the other side. We say that the weight w is

rational if it takes only rational values and integral if it takes only integer values.

It is easy to see that the set of weights on B forms a subspace of RIS(B)l defined
by a finite family of linear inequalities. We denote the real vector space of weights on

B by W(B) and the convex cone of weights taking nonnegative values on each sector
by WH(B).

Definition 2.1.3. Let B be an oriented simple branched surface. A carrying map
is a proper orientation preserving immersion f : S — B, where S is some compact

oriented surface S. We also say that B carries S.

Consider some carrying map f : S — B. It is easy to see that f determines a
nonnegative integral weight w; with value on each sector o € S(B) equal to the local

degree of f along o. Since f is an orientation preserving immersion, we have

wi(o) =#{f"'(p) | p € o}
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Lemma 2.1.4. Let B be a simple branched surface. Every nonnegative integral
weight is represented by some carrying map. Furthermore, if f : S — B represents
a weight wy, then x(S) depends only on w; and is a rational linear function of the
coordinates of w € W(B).

Proof. Consider a nonnegative integral weight w. For each v € br(B) consider two
sets X7 and Xy, where X; contains w(oq) copies of each sector oy € S(B) approaching
v on one side and X, contains w(oy) copies of each sector oo € S(B) approaching
on the other side. Since w is a weight, we have | X;| = |X3|, and so we can choose
a one-to-one correspondence between X; and X,. Now we can glue the pairs of
copies according to this correspondence along the edges corresponding to . After
this operation we end up with a surface S equipped with a tautological orientation
preserving immersion to B, which determines the weight w.

We can consider each sector o € S(B) as a surface with corners. The corners are
the points where arcs of branch locus run into 0B. Each such surface with corners

has an orbifold Euler characteristic defined by

where x (o) is the Euler characteristic of the underlying surface and ¢(o) is the number
of boundary corners of o. If we obtain a surface S by gluing some finite number of

surfaces S; with corners, then
X(5) = ZXU(Si)'
It follows that if S is a surface with weight w, then

X(8) = w(o)xo(),
and we see that x(S) depends only on w. O
On the other hand, the function y~, defined in section 1.3 might depend on the

choice of a surface S, and, for instance, the number of disk components of S might

depend on the way in which sectors are glued together.

Definition 2.1.5. An oriented simple branched surface B is said to be essential if it

does not carry a disk or sphere.
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For example, if every sector o € S(B) satisfies x,(0) < 0, then we have x(S) < 0
for any surface S carried by B. It follows that in this case B is essential. If a surface
S is carried by an essential simple branched surface, then for every component S; of
S we have x(5;) <0, and so x~(5) = x(5). It follows that if B is an essential simple
branched surface and S is a surface with carrying map f : S — B representing a

nonnegative integral weight wy, then —x~(.5) is a linear function of wy.

93



2.2 Alternating words

In this section we consider the free group on two generators: F' = F'(a,b), and

prove the rationality of sclp on the alternating words in F.

Definition 2.2.1. A word w € F'is alternating if it has even length, and its letters
alternate between one of a*! and b*!.

Clearly, every alternating word is cyclically reduced. An alternating word w is a
representative of the derived subgroup [F, F] if the number of letters a in w is the

1'in w, and similarly for b and b~!. It follows that

same as the number of letters a™
|w| = 4k for some integer k. For example, the words aba='b~! and a=*bab~'aba='b~!
are alternating.

Consider a handlebody H of genus two. For convenience, we think of H as the
union of two handles H* and H~ glued along the splitting disk E. Denote by DT
and D~ the compressing disks for the meridians of H* and H™~ respectively (Figure

2.2).

Figure 2.2: A handlebody of genus two.
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Now we can identify the fundamental group m (H) with F'. Suppose a is repre-
sented by the core of the handle H~ and b is represented by the core of the handle
H*. An alternating word w can be represented by a free homotopy class of loop in H
as a union of arcs from F to itself, which run around either H* or H~ and intersect
D% or D™ in a single point. We say that such loop or its homotopy class is in bridge
position and we also assume that such loop is embedded in H.

Consider an alternating word w and suppose that it is represented by a loop 7,

which is in bridge position. Suppose w has the form
w = aP b a2 b ..aPm b,

= vl

where p;,q; € {—1,1} for 1 <i <mand m = 5

is even. Then ~ can be represented

as a union of arcs from F to itself:
fy:quBlU...Uoszﬁm,

where each «; is properly embedded in H~ and run in the direction determined by

pi, and each f3; is properly embedded in H" and run in the direction determined by

¢;- Furthermore, each a; and each f3; is oriented, and the initial point of each (; is

equal to the end point of the corresponding «;. The initial point of each «; is equal

to the end point of 5;_; (the initial point of «; is the same as the end point of f,,).
Let S be a surface together with a map f : (5,05) — (H,~) satisfying

fil05] = n(S)]-
By Proposition 1.3.1 we know that

—x~(95)

sclp(w) = néf (S

We are going to “simplify” the function f by obtaining a simpler surface S’ from S
with n(S") = n(S) and —x~ (5") < —x~(5).

Note that we can assume that S has no disc components, no closed components,
and no simple compressing loops, since otherwise we can reduce —y~(.S) without
changing n(S). We can also reduce the value of —x~(S) by compressing those bound-
ary components which map to v with zero degree, so we can assume that every
boundary component maps to v with some nonzero degree.

We homotope f in such a way that its restriction to each boundary component
in a covering map to v and then perturb f rel. boundary to an immersion in general

position with respect to Dt and D~. After this operation, f~1(DT) N S is a union
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of disjoint, properly embedded arcs and loops in S. Since we assume that S has
no simple compressing loops, all the loops in S are inessential, so by a homotopy
of f we can push them off D*. In f~1(D™") there are no inessential arcs, since the
restriction of f to each of the boundary components is a covering map for a loop and
we may assume that f~1(D7) is a union of disjoint essential properly embedded arcs
in S. We can do the same modification to f~'(D~) and after this, f~}(DT U D)
is a union U of disjoint essential properly embedded arcs. Denote by R a union of
open regular neighbourhoods in S of the components of /. The components of R are
called rectangles.

Denote D = DT U D~. The complement of tubular neighbourhood N (D) in H

retracts down to E. In fact, there is a deformation retraction of pairs
(H\N(D)),y " (H\N(D)) — (E,yNE).

This retraction can be extended to a map r : H — H which restricts to a homotopy
equivalence of pairs from (N(D),yNN(D)) to (H\ E,vN(H \ E)). After composing
f with such a retraction, we get a new map f, which is homotopic to f, such that
R = f_l(H \ E). Let Z C E be the union of the endpoints of the horizontal and
vertical arcs in v and note that Z is finite. Each component of 95 \ R either maps
by fto a point in Z, or to a horizontal arc in . In the first case, we can collapse the
component to a point in S by a homotopy equivalence, and so we may assume that
every arc in 05 \ R is a horizontal arc.

Consider now the components of S\ R. Let P be such a component and suppose
it is not a disk. Then it contains an essential simple loop /. Since E is a disk, fmaps
~" to a homotopically trivial loop in E and we can compress S along 7, mapping the
compressing disks to E. Since we assumed that S contains no simple compressing
loops, it turns out that P is topologically a disk. In fact, P has the structure of a
polygon, whose edges are the arcs of boundary components of R, and horizontal arcs.
Denote by P the union of these polygons, and let P; be a typical polygon.

For each polygon P; denote by s(P;) the number of edges of P; and by h(P;) the
number of edges formed by horizontal arcs. Observe that two adjacent edges of P,
cannot both be horizontal, so s(P;) = 2 and h(P;) < *£2. There are 2(s(P;) — h(P;))

2
(s(Pi)—h(F)
2

corners of each P;, so xo(P;) =1 — ), and we have

(8) = () = 3 P = HR) =)

Consider a single polygon P; and suppose there exists a point p in vy N E and
two different boundary edges eq,es of P; such that they both map to p. Boundary
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compression along an embedded arc in P; which joins e; to e, reduces the value of
—x~(S) by one, and so after several such operations we may assume that every P,
has at most |w| boundary edges mapping to distinct points of v N E.

Now we can summarize what we have done so far. We started with a surface S
and a map f : (S,05) — (H,~) and then we applied homotopy and compression
and obtained a new surface S’ with a map j?, such that S’ can be decomposed into
rectangles and polygons. Rectangles map over the handles of H and run between
two arcs of v and polygons map to E. Each rectangle is determined by the pair of
arcs of v, up to homotopy, and each polygon is determined up to homotopy by a
cyclically ordered list of distinct elements of v N E, which are the images of boundary
edges, and by the information whether each component of a polygon in the closure
of a rectangle bounds a rectangle mapping to H™ or to H~. We have only finitely
many combinatorial possibilities for each rectangle and for each polygon, and so we
can build a surface S’ from finitely many pieces. This suggests that the computation
of sclp(w) can be reduced to a finite integer linear programming problem.

Suppose that B is an oriented essential simple branched surface constructed as
follows. The sectors of B are represented by the disjoint union of all possible polygons
with boundary edges mapping to distinct points of v M E and all possible rectangles.
Then we glue the rectangles to polygons in all possible orientation preserving ways
with the only condition that each component of a polygon in a closure of rectangle
which bounds a rectangle mapping to H* is only glued to a rectangle in H*, and each
component of a polygon in a closure of rectangle which bounds a rectangle mapping
to H™ is only glued to a rectangle in H~. Thus, we have a branched surface B and
a map ¢ : B — H which takes 0B to 7.

For each pair of distinct points in v N E, there are two components of br(B)
distinguished by the information whether these components bound rectangles in H+
or in H~, so br(B) is a l-manifold, which ensures us that B is a simple branched
surface. Moreover, each rectangle contributes 0 to x, and each polygon contributes
some nonpositive value, so we conclude that B does not carry a disk or sphere, i.e. it
is essential.

Now, since every surface S with a map f : (S,0S) — (H,~y) can be appropriately
modified to a surface S’ which can be decomposed into rectangles and polygons, we
conclude that each such map f can be modified without changing the value of —x~(.5)
to a map which is carried by B.

Let w € WH(B) and let f : S — B be carrying map with weight w. The map
tof:S — H takes 0S to . From the results of section 2.1 we know that —x~(5)
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is a rational linear function —y~(w). There is a rational linear map 0 : V. — R
where V' is a rational subspace of W (B), defined in a following way. Given a positive
integral weight w, let S be a surface carried by B associated to w. Then define
d(w) = n(S) and extend by linearity to V. The inverse 7' (1) N WT(B) is a closed
rational polyhedron. Furthermore, by construction we have

sclp(w) = inf L(w}

wed—1(1)NW+(B) 2

Since —Y~ is a rational linear function which is nonnegative on the cone W+ (B), this

infimum is realized, and it follows that sclg(w) is rational.
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2.3 The Rationality Theorem

In this section we extend the argument used in the proof of rationality of stable
commutator length for alternating words in the free group of rank two, to prove the

rationality in free groups of arbitrary rank.

Theorem 2.3.1. [Rationality Theorem| Let I be a free group of arbitrary rank.
Then for all g € [F, F],

sclp(g) € Q.

Proof. Let F' = F(S) be a free group on generators s; € S. For each i denote by H;
a solid torus with a disk E; in its boundary, and let H be constructed from H; by
identifying F; with a single disk E. Denote by D; the decomposing disk of H; and
let D be the union of all D;.

Suppose w € F'is a cyclically reduced word. Its conjugacy class determines a free
homotopy class of loop in H. Let v be a representative in this homotopy class such
that its intersection with D and F is simple.

An arc whose interior is properly embedded in some H; \ F and with endpoints
on the disk F is called a wvertical arc. Note that each vertical arc intersects some D);
transversely in one point. A horizontal arc is an arc embedded in E.

For each appearance of s; or s; ! in w, 7 will have one vertical arc in H;. Since w is
cyclically reduced, v will have one horizontal arc between two consecutive appearances
of s; or s; 1. Note that this uniquely determines the homotopy class of 7. We say that
a representative 7 in the free homotopy class corresponding to the conjugacy class of
w, constructed as above, is in the bridge position.

Consider a finite collection of words wy, ..., w, which are cyclically reduced in their
conjugacy classes and corresponding loops 7, ...,7, in bridge position in H. Let I’
denote the union of these loops and let S be a surface without disks or closed com-
ponents, or simple compression loops, with a map f : (S,05) — (H,T). As in the
previous section, we may assume that f~1(D) is a union of disjoint essential properly
embedded arcs, and R = f~!(H \ E) is a union of disjoint embedded rectangles. By
assumption that S has no simple compressing loops, we conclude that every compo-
nent P; of S\ R is a polygon.

The edges of a polygon P; in the closure of components of R are called branch
edges. There are also two types of boundary edges, namely those which map to a
single endpoint of some vertical arc of some 7; and those mapping to a horizontal

edge.
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As in the previous section, if some polygon P; has two different boundary edges
e1, es such that they both map to the same point or horizontal arc in I' N E, then we
can perform a boundary compression of S which joins e; to e; and reduces the value
of —x~ (), so we may assume that two different boundary edges of the same polygon
map to different points or horizontal arcs in I' N E.

Denote by b(P;) and ¢(P;) the number of branch edges of a polygon P; and the
number of corners of P; respectively. Then there are twice as many corners of P; as
branch edges, i.e. ¢(P;) = 2b(F;), so we have x,(P;) = 1 — I’(—IQD) Note that each

rectangle contribute 0 to x,, so

As before, we can build an essential simple branched surface B, together with
a map ¢ : B — H with «(0B) = I'. Every map f : (S,05) — (H,T') can be
appropriately modified so that the resulting map factors through a carrying map to
B.

Let K be the kernel of the inclusion map H;(I',R) — H;(H,R) and let K be the
intersection of K with the orthant spanned by all nonnegative combinations of the
[v:] € Hi(I',R). With notation as in the previous section, there is a rational linear
map 0 : WH(B) — K™, and for each k € K there is an equality

. —X (w)
(k) = f ——
sclp (k) weafl(lkl)lmWﬂB) 2

As in the previous section, the infimum is realized, and it follows that sclp is rational

in free groups. O]
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Appendix A

Hyperbolic surfaces

We define a conformal structure on a surface S as an atlas. An atlasis a topological
notion which is used to describe a surface. A chart for a surface S (equivalently,
coordinate chart or coordinate map) is a homeomorphism ¢ from an open subset U
of S to an open subset of the complex plane C. The chart is denoted as (U, ¢). Then

an atlas for a surface S is a collection {(U;, ;) }ier of charts on S such that

Jui=s.

iel
Two atlases are said to be compatible if their union is an atlas satisfying the properties
from the definition of an atlas. A maximal union of compatible atlases is then called
a maximal atlas.

A conformal structure on a surface S is a maximal atlas {(U;, ;) }ier such that for
all 7,5 € I, the map ¢; ogpj_l, which is called a transition map, and which is defined on
©;(U;NUj;), is conformal, i.e. it preserves angles. Furthermore, we suppose that each
puncture of S has a neighbourhood which is conformally equivalent to a punctured
disk in C.

An orientable surface with a conformal structure is also called a Riemann surface.
Let S be an arbitrary triangulated surface. Then, by taking each triangle to be
an equilateral Fuclidean triangle with side length equal to one, and all gluing maps
between edges to be isometries, we see that every surface can admit a conformal
structure.

Any conformal structure defined on a surface S induces a conformal structure on
S. A conformal structure on S is said to be conformally finite, if it is conformally
equivalent to a closed surface without finitely many points. Note that every surface

of finite type admits a conformal structure which is conformally finite.
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A Riemann surface with curvature —1 is called hyperbolic. A conformally finite
surface S is hyperbolic if and only if x(S5) < 0. From the Gauss-Bonnet Theorem, we

have
[ K =2mxs),
S

where S is a closed Riemann surface and K is the Gaussian curvature. Thus, if S is
hyperbolic, it follows that
area(S) = —2mx(9).

The Gauss-Bonnet Theorem also gives us the relationship between the area of a

geodesic triangle A in H? and its interior angles:
area(A) =71 —a—f—1,

where «, 3, are the interior angles of A. Since the area is positive, it follows that

area(A) < m. Note that we allow some of the vertices of A to lie at infinity.

Definition A.1. Let M me a hyperbolic m-manifold, and let ¢ : A" — M be a
singular n-simplex. Define the straightening o, of o as follows. First, lift o to a map
o : A" — H™. Denote the vertices of X" by vg, ..., v,. In the hyperboloid model
of hyperbolic geometry, H™ is the positive sheet (i.e. x,,41 > 0) of the hyperboloid

|z|| = =1 in R™*! with the inner product

o) = ¥ + a3 + ... + 25, — 353n+1-
If ty, ..., t, represent the barycentric coordinates on A", so that v = ZZ t;v; is a point
in A", define
5 ("U) _ Zi:l tia(vi)
! = 22— tio(vi) |

and define o, to be the composition of & with projection H™ — M.

The isometry group of H™ acts linearly on R™"! preserving || - ||, and so the
straightening map o + o0, is well-defined, and independent of the choice of lift.
For a hyperbolic manifold M, define

str: Co(M) — C.(M)

by str(o) = 0,4, and extend by linearity.
Let S be a conformally finite surface, possibly with boundary. If .S is closed and
oriented, the fundamental class [S] is the generator in Hy(S,dS) which induces the

orientation on S.
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Definition A.2. The Gromov norm of S is defined as follows. Consider the homo-
morphism

i, Hy(S,08,Z) — Hy(S,08,R),

which is induced by inclusion Z — R, and let C' = ). r;0; represent the image of
the fundamental class [S] with r; € R. Denote

ICI =" |ril,

and set
IS0l = inf €.

Lemma A.3. Let S be an orientable surface with p boundary components, where
p > 1. Then for any integer m > 1 such that ged(p — 1,m) = 1, there is an m-fold
cyclic cover S, with p boundary components, each of which maps to the corresponding

component of S by a m-fold covering.

Proof. Let S be such a surface. Then the inclusion map 95 — S induces a homomor-
phism H,(9S) — H;(S) with one-dimensional kernel, generated by the homology
class represented by the union 0S. In particular, we can take p — 1 boundary com-
ponents to be the part of a basis for H;(S). Denote the images of the boundary
components in H;(S) by by, ...,b, and take by,...,b,_; to be the part of a basis for
Hy(S). If ged(p —1,m) = 1, let a € H'(S,Z/mZ) = Hom(H,(S),Z/mZ) be such
that a(b;) = 1for 1 < ¢ < p—1. Then for all 1 < j < p, a(b;) is primitive, with

kernel defining a regular m-fold cover S, with p boundary components. O

Theorem A.4. Let S be a compact orientable surface with x(S) < 0. Then

ISl = —2x(S).

Proof. Let S be a surface of genus g with p boundary components, so

X(8) =2-29—p.

There is a triangulation of S with one vertex on each boundary component, and with
a total of 49 + 3p — 4 triangles. By the previous lemma, there is an m-fold cover
S with p boundary components. Euler characteristic is multiplicative under taking
covers, so x(Sn) = mx(S) = 2m — 2gm — mp, and S,, admits a triangulation with

(4g + 2p — 4)m + p triangles. Taking the projection of this triangulation under the
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covering map S,, — S gives us a representative C' of m[S] with L'-norm equal to

(49 + 2p — 4)m + p. Dividing by m and taking a limit as m — oo, we obtain
STl < —2x(5).

Conversely, let C' = ) r;0;, be any representative of the fundamental class [S].

Then ||C||y = || str(C)]|1, and since the area of any geodesic triangle is no more than

m, and
Z |ri|m > area(S) = —2mx(9),
we get
1STIh = (st (@)l = Y Iril = —=2x(S)-
The proof follows. O
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